On generating functions for certain sums of multiple zeta values and a formula of S. Zlobin (Exact WKB Analysis and Microlocal Analysis) by WAKABAYASHI, NORIKO
Title
On generating functions for certain sums of multiple zeta
values and a formula of S. Zlobin (Exact WKB Analysis and
Microlocal Analysis)
Author(s)WAKABAYASHI, NORIKO









On generating functions for certain sums of multiple




Generating functions for certain sums of multiple zeta-star values are discussed and an
alternative proof of a formula of S. Zlobin is given.
x 1. Generating functions for certain sums of multiple zeta values
The multiple zeta values are real numbers rst considered in Euler [5]. These
numbers have been appeared in various elds in mathematics and physics. There are
many linear relations among these values with rational coecients. One of the main
problems in this area is to clarify the all relations among multiple zeta values.
The multiple zeta values are natural generalization of Riemann zeta values. There
are two types of denition for multiple zeta values. For a multi-index k = (k1; k2; : : : ; kn)
(ki 2 N; k1  2), the multiple zeta values are dened by




m1k1m2k2   mnkn
and




m1k1m2k2   mnkn :
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The former is normally called a multiple zeta value and used mainly in the mathematical
literatures in last two decades and the latter is called multiple zeta-star value (MZV and
MZSV, respectively, for short). There exist natural Q-linear relations between MZVs
and MZSVs. Any MZSV can be expressed as a linear combination of MZVs and vice
versa. Therefore twoQ-vector spaces generated by both values coincide with each other.
On the other hand, there are many Q-linear relations that hold among multiple zeta
values. Some part of these relations can be described clearly by using MZSVs.
For any multi-index k = (k1; k2; : : : ; kn) (ki 2 N), the weight, depth and i-height
of k are by denition the integers wt(k)= k1 + k2 +    + kn = k, dep(k)= n and
i-ht(k)= ]fljkl  i + 1g, respectively. The generalized height i-ht is dened in Li [6].
If i = 1, it is introduced by Ohno-Zagier [7] and usually called (1-)height. An index
k = (k1; k2; : : : ; kn) is called admissible, if k1  2.
Let r be a positive integer. For any integers k; n; h1; h2; : : : ; hr(k; n; hi  0), we set
I(k; n; h1; h2; : : : ; hr) = fk j wt(k) = k; dep(k) = n; 1-ht(k) = h1; : : : ; r-ht(k) = hrg;
Ij(k; n; h1; h2; : : : ; hr) = fk = (k1; k2; : : : ; kn) j k 2 I(k; n; h1; h2; : : : ; hr); k1  j + 2g;
where j = 0; 1; 2; : : : ; r   1.
Ohno-Zagier [7] gives a concrete expression of the generating function for sums of
























a1   x; a2   x
1  x ; 1

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, and (a)n means
the Pochhammer symbol (a)n = a(a + 1)(a + 2)    (a + n   1). In particular, all of
the coecients of left-hand side of the above generating function can be expressed as
polynomials in Riemann zeta values (2); (3); : : : with rational coecients.
On the other hand, Aoki-Kombu-Ohno [1] (see also [2]) considers a counterpart
of the result of Ohno-Zagier for multiple zeta-star values and obtains the following
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(1  x)(1  y)  z2 3F2
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1  x; 1; 1











denotes the generalized hypergeometric function
(1.5) r+1Fr

a1; a2; : : : ; ar+1






(a1)n(a2)n    (ar+1)n
(b1)n(b2)n : : : (br)n
tn
n!
for any positive integer r.
Li [6] generalizes the generating function of Ohno-Zagier and gives an expression







In this paper, we consider generating functions of multiple zeta values of xed
weight, depth and i-heights and introduce expressions of them by using generalized
hypergeometric functions. This part is an announcement of the author's joint work [3]
with Aoki and Ohno. Moreover we give an alternative proof of a formula of Zlobin by
specializing the expression.
We dene a sum X0 for any integers k; n; h1; h2; : : : ; hr (k; n; hi  0), and its
generating function ?0 as follows:















n h1x3h1 h2   xr+1hr 1 hrxr+2hr :
In the above denitions, the sum is treated as 0 whenever the index set is empty. Our
main result of [3] will then be
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Theorem 1.1. Let r be a positive integer. Then we obtain
?0 =
(
















r + 1z }| {
1; : : : ; 1






where bi (i = 1; : : : ; r + 1) are dened by
(1.9)
8<:
b1 + b2 +   + br+1 =  (x1 + x2);X
1i1<i2<:::<ijr+1
bi1bi2    bij =  (xj+1   x1xj); j = 2; 3; : : : ; r + 1;




















is the number of ways of partitioning a
set of n elements into m non-empty subsets.
x 2. A formula of S. Zlobin
In some special cases, we can explicitly evaluate ?0 by using Theorem 1:1. For
example, we get one of the results of Zlobin [9]. By setting r = l   1; x1 = x2 =    =
xl = 0; xl+1 = x, we have8>>><>>>:
wt(k) = ln;
dep(k) = n;
1-ht(k) = 2-ht(k) =    = (l   1)-ht(k) = n;
l-ht(k) =    = 0:










?(l; l; : : : ; l| {z }
n
)xn:
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On the other hand, substituting l   1 for r of Theorem 1:1 (x1 = x2 =    = xl =






l + 1z }| {
1; 1; : : : ; 1



















(b1 + 2)m(b2 + 2)m    (bl + 2)m ;(2.1)
where bi (i = 1; : : : ; l) are dened by8>>><>>>:
b1 + b2 +   + bl = 0;X
1i1<i2<:::<ijl
bi1bi2    bij = 0; j = 2; 3; : : : ; l   1;
b1b2    bl =  x:
(2.2)
Putting f(z) = (z + b1)(z + b2)(z + b3)    (z + bl) = zl   x, we obtain











(bi + j) =
m+1Y
j=2
f(j) = (2l   x)(3l   x)    ((m+ 1)l   x):











1l2l   mlx
(1l   x)(2l   x)    ((m+ 1)l   x) :








































where we assume that
P jamj is convergent.
























Zlobin [9] (see also Vasil'ev [8]) obtains (2.5) in the course of the proof of his
formula;
(2.6) ?(f2; f1gl 2gm; 1) = l(lm+ 1);
where we denote (k; : : : ; k| {z }
n
) by fkgn. Therefore our specialization of Theorem 1:1 pro-
vides another proof of (2.5).
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